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Abstract 
We show that a Z-cyclic triplewhist ournament TWh(v) exists whenever v =p] .... p~ where 
the primes p~ are -5(mod8), p~>29. The method of construction uses the existence of 
a primitive root ~o of each such Pi (~61) such that ~o2+eo+ 1 are both squares (modpi). 
1. Introduction 
A whist tournament Wh(v) for v = 4m + 1 players is a schedule of games (a, b, c, d) 
involving two players a, c opposing 2 other players b, d, such that 
(i) the games are arranged into 4m + 1 rounds each of m games; 
(ii) each player plays in exactly one game in all but one round; 
(iii) each player partners every other player exactly once; 
(iv) each player opposes every other player exactly twice. 
We shall be concerned with a refinement of this structure, called a triplewhist 
tournament. Call the pairs {a, b}, {c, d} pairs of opponents of the.first kind, and call 
{a,d}, {b,c} pairs of opponents of the second kind. Then a triplewhist tournament 
TWh(v) is a Wh(v) in which every player is an opponent of the first (resp. second) kind 
exactly once with every other player. 
If the players are the elements of Zv, and if each round is obtained by developing the 
initial round modulo v, we say that the triplewhist tournament is Z-cyclic. By 
convention we always take the initial round to be the round in which player 0 does not 
play. Until very recently very little was known about Z-cyclic TWh(4m + 1). Examples 
for 29 and 37 players appear in Baker's thesis [4] , and an example for 21 appears 
in [7], but the first real advance was accomplished by Finizio [8] who showed 
how to construct a Z-cyclic TWh(p~ . . . .  p~r) whenever the Pl are members of 
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T={p:p=5(mod 8), p prime, 29 ~<p <2000}. Note in passing that it is known [7] that 
no Z-cyclic TWh(5) or TWh(1 3) exists, although a Z-cyclic TWh(25) does exist. In this 
paper we extend the ideas in [8] to show that the condition p < 2000 can be removed. 
The basic idea is to produce three different constructions, and to show that we can 
guarantee that at least one of these constructions will produce a TWh(p) provided the 
prime p possesses a primitive root 09 for which 092 __+ 09 + 1 are both squares in Zp. We 
show that such a 09 always exists (except when p = 61, a case already dealt with in [8]). 
The three constructions are presented in Section 2; the results are extended to 
products of primes in Section 3, and the existence of an appropriate primitive root 
09 for each prime p is established in Section 4. 
If we concentrate on just the first construction, we would be able to show that the 
construction works for sufficiently large p, but the bound for p would be unsatisfac- 
torily large. The use of three different constructions enables us to reduce the numerical 
bound, below which we have to check each particular case, to a very manageable l vel. 
2. Basic constructions 
Let p -  5 (mod 8), p > 1 3, so that p = 4t + 1 where t is odd. Let 09 be a primitive root 
of p; then 092t= _ 1. 
Construction A. Consider the games (1,09, __09,09-2)X 1, 094 . . . . .  co 4t-4 or, equiva- 
lently, (1,09, 092t+ 1,09 4t-2) X 1, 60 4 . . . . .  094t -4 .  Since t is odd it is clear that these games 
involve every nonzero element of Zp once. These games will generate a TWh(p) 
provided that the partner differences, the 1st kind opponent differences, and the 2nd 
kind opponent differences give, in each case, all.the nonzero elements of Zp exactly 
once. Now we have 
partner differences: ___ (09 + 1), +t-09-2(09  3 -  1) x 1,094 . . . . .  094t-4, (2.1) 
1st opponent differences: + (09 --  1), "~- 09- 2 (093 + 1) X 1,094. . . . . .  094t- 4, (2.2) 
2nd opponent differences: +209, +09-2(092 1) x 1,094 . . . . .  094t-4, (2.3) 
Since 2 is a nonsquare, (2.3) requires 09 2 -1  to be a nonsquare. (2.2) requires 
(093+ 1)(09-1) to be a nonsquare; if 092_ 1 is a nonsquare this requires 092_09+ 1 to 
be a square. Similarly 092+09+ 1 has to be a square. So construction A works 
provided 
09 2 --1-76 [] , 092+O9+1=[Z,  602- -09+1=[] ] .  (2.4) 
Construction B. Consider the games (1, 09, 09a, _094) × 1,094 . . . . .  094t-4. Here we have 
partner differences: _ (093 _ 1), _09(093 + 1) x 1, 09* . . . . .  co 4t-4, 
1st opponent differences: +(09-  1), +093(09+ 1) x 1,09 4 . . . . .  09,t-,, 
2nd opponent differences: _ 09(092_ 1), + (094+ 1) x 1,094 . . . . .  094t-4 
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and these will be sat is factory prov ided  
O) 2 - -  1 = [] ,  0)4 + 1 = [] ,  O) 6 -  1 = l~. (2.5) 
Construction C. Cons ider  the games (1, 0), - to ,  -0 )4 )  × 1,0)4 . . . . .  0)4t-4. 
par tner  differences: _ (0) + 1 ), -4- 0)(0)3 + 1 ) × 1,0)4 . . . . .  0)4t- 4, 
1st opponent  differences: _+(0)-1) ,  _+0) (0)3 -1)x  1,0) 4 . . . . .  co4t 4 
2nd opponent  differences: _+ 20), +_ (0)4+ 1) x 1,0) 4 . . . . .  0)4t-4. 
Since 2 is a nonsquare ,  these require 
0 ) '~+1#[] ,  0 )2+0)+1=[ - ] ,  0 )2 -0)+1 =U] .  
Now 
(2.6) 
suppose  that  we can show that  there exists a pr imit ive root  co of p such that 
0)z+0)+ 1 = [], 0)2--0)A- 1 = [~. (2.7) 
Then, if 0)z _ 1 # D,  we can use Const ruct ion  A. If, however,  0)2 _ 1 = [] then we have 
o) 6 -  l =(0) 2 -  1)(0)2--0)+ 1) (0)2+0)+ l )= [] 
and so, if 0)4 + 1 = [2, we can use Const ruct ion  B. F inal ly ,  if cog + 1 # ~,  we can use 
Const ruct ion  C. 
Example  2.1. Take  p=29,  0 )=3.  Then 0)2 - -1=8=0)23 ,0)2+0)+1=13=0) -2 ,  
0) 2 - 0) + 1 = 7 = co s, so Const ruct ion  A can be app l ied  to give 
(1,3,26, 13)x 1,23,7, 16,20,25,24 
as the init ial  round games of a Z-cycl ic  TWh(29). 
As we show in Sect ion 4, cond i t ions  (2.7) are satisf ied by some pr imit ive root  of 
p unless p = 61. This  case is dealt  with separately.  
Example  2.2 (F in iz io [8]).  p = 61. The games 
(1,2, 35,4) x 1,24,2 s . . . . .  256 
yield a TWh(61). 
3. Extending to products of primes 
3.1. 
We first establ ish the existence of a Z-cyc l ic  TWh(p") for all p~>29, 
p - -  5 (mod 8), n ~> 1. We put  p = 4t + 1 where t is odd.  
Suppose  that  TWh(p) has been obta ined  by one of the const ruct ions  of Sect ion 2. 
The init ial  round games are 
( 1,09, 0)~, 0)0) × 1,0)4 . . . . .  co4, - 4, 
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where (~,fl)=(2t + 1,4t -  2) or (3, 2t+4) or (2t+ 1, 2t + 4), or (11, 2) ifp = 61, and where 
o2 is a suitably chosen primitive root. Note that in each case ~ - 3, f l -  2 (mod 4). Since, 
for any primitive root Wofp, either Wor  W+p is a primitive root ofp 2 (and hence of 
p" for all n~> 1), we can choose W-co(mod p) such that Wis a primitive root of p" for 
all n~> 1. Decompose Zp, as follows: 
Zp,=PwEu{O},  
where P={x:  plx, xv~O}, E={x:  p~rx}. We then have IP l=p" - l -1 ,  IE I= 
q~(p,)=p,-X(p_ 1)=4u for some odd u, and W 2u- - 1 (modp"). Observe that E can 
be written as a cyclic set 
E={1, W, W 2, . . . ,  W 4"-I} (3.1) 
and that xW 2~- -x (modp")  for each xeE. If E, as given by (3.1), is considered 
mod p, it is in fact a multiset, with the power sequence 1, co . . . . .  cop- i appearing in its 
natural order p"-1 times. Thus since the partner (resp. first opponent, second oppo- 
nent) differences arising from (1, 02, co', co p) occupy incongruent positions (mod 4) in 
the power sequence 1, o2 . . . . .  cop- 1, and since 41(p-  1), it follows that the partner (etc.) 
differences arising from (1, W, W% W p) occupy incongruent positions (mod 4) in the 
cyclic set (3.1). Thus the partner (etc.) differences arising from 
(1, W, W', W t~) × 1, W 4 . . . . .  W 4(u-l) (3.2) 
are precisely the members of E once each. Thus we can prove 
Theorem 3.1. For all p>~29, p -5 (mod 8), a Z-cyclic TWh(p") exists for all n>~ 1. 
Proof. Use induction on n. For the induction step take games (3.2) on E and, for P, the 
games in the initial round of a TWh(p"-1) with each element multiplied by p. The 
initial round of a TWh(p") is obtained by taking the union of these two sets of 
games. [] 
Example 3.1. TWh(292). Use Example 2.1 to construct a TWh(29) on the multiples of 
29. Then for the set E we can take (1,3,315,326)=(1, 3,606, 187)x 1,34, 38 . . . . .  3836. 
3.2 
We now consider TWh(p~', .... p~) where we have constructed a TWh(pi) for each 
i by the methods of Section 2. We choose a common primitive root W ofp 2 . . . . .  p2 
such that W-co(modp l )  where co is the primitive root for Pl required by (2.7). Let 
N = p]l, . . . .  p~r. Following the ideas used in [ 1,2] we partition ZN into 'layers', namely 
the set of multiples of Pl and, for each ordered ( r -  1)-tuple (f12 . . . . .  fl,), 0 ~< fli ~< cq for 
each i~< r, sets 
I(f12 . . . . .  fl,)= {x~.ZN: pl~/X; pfli'lX, pfli'+ l Xx if fl,<~,}. 
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Further, we let 
17, =pOp~ ... p~, / /0= I I  P~" (~'i=O~i--fli;~l =~I)  
i=1 
so that Hol I I=N.  Then we can verify that 
(i) x~I(f l2 . . . . .  f l r )~x=Hly  where gcd(Ho,y )= 1; 
(ii) [/(f12 . . . . .  flr)l=c/)(IIo)=I]~,>op~'-~(pl - 1); 
(iii) if r = ord no W, then 
z=lcmp~' -X(p i -1 ) )p i -1 ,  r -0 (mod4) ;  
7i>0 
(iv) [23 if x~l(f l2 . . . . .  fir), the min imum value of j  such that x WJ=x(mod N) is 
j = r; 
(v) W ¢1/2)~-- - 1 (modHo).  
((v) is true [2] since each p i - I  is divisible by the same power of 2.) Let 
xcl( f l2  . . . . .  fir). In view of (iv), put 
Cx={X,  XW,  xW 2, xW r - l )  . . .  , j. 
Then, because xW ta/z)~- -x (mod N) by (v), -x6Cx .  We can write 
I(fl2 . . . . .  fir)= ~ C~, 
i=1 
where] l ( f lz  . . . . .  fir)]= zm and where we choose the representative elements x~ so that 
x~-- 1 (modp~) and x~¢~2~ C~j for each i. 
Lemma 3.2. Suppose that a TWh(p l )  has been constructed by the (1, ~o, co ~, co ~) method. 
Then,,for each choice of f12 . . . . .  fir, the games 
(Xi, xiW, xiW~t, xiWfl) X 1, W 4 . . . . .  W ~-4 (3.3), 
( i= 1 . . . . .  m) satisfy the triplewhist conditions for l(f12 . . . . .  fir). 
Proof. The differences arising from these games are all in I ( f l  2 . . . . .  f ir)  since no p~ can 
divide any of the differences such as (3.4) below. We check that all the partner 
differences are distinct; a similar argument applies to opponent differences. The: 
partner differences are 
___xI(W~-- 1), -'bXl W(Wf l -1 - -  1) × 1, W 4 . . . . .  (3.4b 
Suppose, for example, that 
x i (W ~-  1)-- +_xj(W ° -  W) w4k (rood N) 
for some i,j, k. Considering this mod p~ gives 
o j~_l  - _ [ _o )4k+l (o ) f l  l -1 ) (modp~) .  
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But co " -  1 =co2e(t J  -a -  1) for some e, so we get 
co2~ = + c04k + x (mod pl ) 
which is impossible since one side is a square and the other is not. [] 
Theorem 3.3. Let p i -5 (mod 8)pi>~29, i=  1 . . . . .  n. Then a Z-cyclic TWh(p l  . . . . .  p,) 
exists. 
Proof. Use induction on n. For induction step, construct games (3.3) for each 
I(f12 . . . . .  ft.), and take them along with the initial round games of a TWh(p2 . . . . .  p.) 
on the multiples of pl to form the initial round of the required TWh(p l  . . . . .  p.). [] 
Theorem 3.4. With the Pi as above, there exists a Z-cyclic TWh(p~', . . . .  p~r) for all 
~>~1. 
Proof. Fix n, and use induction on the 'excess' Y.~'=~(~i-1). Excess 0 is dealt with 
by Theorem 3.3. For induction step, assume without loss of generality that ~ > 1; 
take games (3.3) for each l(f12 . . . . .  ft,), and the initial round games of a 
TWh(p]'-1p~22 ... p~.") on multiples of p~. [] 
4. Existence of appropriate primitive roots 
Given p >~ 29, p= 5 (mod 8), we seek to confirm the existence of a primitive root 
co such that co 2 + co + 1 are both squares. The methods used in this section are based on 
ideas which can be found in [5, 6, 9]. 
For e l (p -1 ) ,  let 
S(e) = {x~Zv: x 2_  x + 1 are squares; x is not a dth power for any die, d > 1 }, 
and let N(e)= IS(e)]. S(p-  1) is the set of desired primitive roots, so we want to show 
that N(p- -  1)>0. 
Lemma 4.1 (The sieve). Let el,e2 be squarefree divisors of p -1  such that ele2 is 
divisible by all prime divisors of p -  l, and suppose that e'llel, e~le2 where gcd(ex, e2)= 
gcd(e' l ,e~)=eo, say. Let e'=lcm(e'l ,e'2)=e'le'z/eo. Then 
N(p  - 1) >~ N (el) + N(e2) -- N (e'l) -- N(e'2) + N(e'). (4.1) 
Proof. This follows from the fact that 
S(el)wS(e2) ~ S(e'l)~S(e'2). [] 
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We remark that in what follows we always assume that el,e2 are even and 
eo = gcd(el, e2) = 2. 
Now the Vinogradov condition [9] for xeZp to be a primitive root is 
y, ~(d) ~ z(x)~o, 
d'(p- 1) ~o(d) x 
ord)c =d 
where /~ is the Mobius function and where Z denotes a character of order d. If 
we let 2 denote the quadratic character, so that 2(x)= +1 if x is a square, 
2 (x )=-1  otherwise, we can obtain the following extension of Vinogradov's 
criterion. 
Lemma 4.2. 
N(e)=~ee)  x~z~  (l+A(X2+X+l))(l+A(xZ--x+l)) ~"d,e ~a(d)ll(d) ~z ztx). 
ordz=d 
Note that only squarefree d need be considered here, since /ad)=0 for other d. 
Putting 
~p(e) 
0(e) = 
e 
we have 
~,(a) } 
4N(e)=O(e) (p - - l )+  ~ '~ ~ S(Z) , 
d,e Z 
ord  Z = d 
where 
(4.2) 
S ()~) ~-- S 1 ()~) + 82 ()~) + S3 ()~), 
Sx(X) = ~ 2(x4+x2+I)z(x), 
xEZp 
S2(Z)=~(x2+x+I)z(x), 
x 
s3(z)=Y, 2(x2-x+ 1)ztx). 
x 
Since p = 5 (mod 8), Z ( -  1) = 1 and so 
S3(Z) = E ,~(x 2 +x+ 1)Z( -  x) = S2(X). 
x 
38 L Anderson et al./ Discrete Mathematics 138 (1995) 31-41 
From now on assume  is squarefree and even. If die then d=d' or 2d' where d'l(e/2). 
Since 2(2)= -1  and #(2d')= -p(d'), we can write 
~(d) 
d,e ordz=d 
~(d) V S()~)=d,(e/2)E q)(d)o,d"~=d (S(z)+ S(z2)) 
= d,(e/2)E ~ ora~x= a (S'(zZ)+2S2(•)--S'(2ZE)--2S2(z2))'(4"3) 
where we use the facts that Sa(z)=SI(z 2) and that Z2 has order 2d, where 
#(2d)= -/~(d). Since d is odd, 
$1(Z2) = Z 2(x'+x2+l)z2(x) = Z 
xeZp xeZp 
= S2 (z) + $2 (z2), 
so the right hand side of (4.3) is 
la(d) ~ (-Sl(z2)+3S2(z)-S2(z2)). 
E ~o(d) d~(e/2) ordz=d 
Now by Well's theorem [lO], 
I S~(zA)l~<4~/p, IS2(z)l~<2x/~, [Sz(zZ)l~<2,v/p; 
further, S2(Zo) = -1  where Zo is the principal character. Thus 
I_SI(z2)+3S2(z)_S2(z2)I<~6x//p+3 if Z=Zo, 
(12x/~ if Z:~ Zo. 
(1 + ;~(x));~(x 2 + x + 1)z(x) 
(4.4) 
(4.5) 
(4.6) 
Combining (4.1)-(4.6) thus yields the first part of the following lemma. 
Lemma 4.3. Let U(e)= 2 w(e)- 1, where w counts the number of distinct prime factors. 
Then 
aN(e) ~> O(e)(p - 4 - 6 U (e)x/~ }. (4.7) 
More generally, using the notation of Lemma 4.1, /f 
O = 0(ex) + 0(e2)-- 0(e'l)-- 0(e~) + 0(e'), 
V= V(ex)+ V(e2)- V(e'1)-- V(e'z)+ V(e'), 
where V(e) = U(e)O(e) and provided 0 >0, then 
4N(p-- 1) >~ (p - 4) O -- 6 Vw/p. (4.8) 
Proof. For (4.8) it is crucial to observe that each character sum which contributes to 
N(e'a) but not N(e2), say, in the right hand side of (4.1) occurs also in the whole of the 
right hand side of (4.1) with coefficient of the form 
K (0(el) -- 0(e'l) + 0(e')), 
etc. [] 
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Corollary 4.4. In the notation of Lemma 4.3, let z=6V/6). Then N(p -1)>0 provided 
x/p- -  x~> z. (4.9) 
In particular, N(p--  1) > 0 provided 
> 6U(p-  1). (4.10t 
Proof. (4.10) follows from (4.7); (4.9) from (4.8). 
Note that, in (4.9) and (4.10), the contribution of 4/x/p is negligible and can in 
general be disregarded. 
Since (4.10) certainly holds wherever w(p -  1)~> 7, we now deal with the cases where 
w(p-  1)~<6. 
Case w(p-  1)=6. Here (4.10) holds if p> 143 000. So now suppose p< 143000 and 
consequently that 151(p-1). Suppose that the distinct prime factors of p -1  are (in 
increasing order) 2,3,5, p4,Ps,P6. In Lemma 4.1 take el =2-3"5p4, ez=2psp6, e'l =6, 
e2 =2ps.  Clearly the minimum value of r occurs when {p4,ps,p6~j = {7, 11,131, and 
then 
L 7°1 24 420 1 15 ~-~ 6 7 -+143-  - - l l -  
z -  <225. 
8 60 1 5 10 
35 -~ 143 3 11+~ 
hand, if w(p -1)=6,  p~>4.3-5-7"11-13+1>2252; so by (4.9) But, on the other 
N(p- -  1)>0. 
Case wip-  1)=5. By (4.10) we can assume that p<35000.  Take el=2pzp3, 
ez= 2p4ps, e'l =2p1, e~=2p4. Let R = {P2,P3,P4 }, ~= 1/Ps. 
Subcase (a). R = {3, 5, 7}, so P5 ~> 11. Then 
6 +3( l - -e ) - -  1 - -~+2 _ 61481-- 315e] 
4 3 1 3 2 23--45e ~5+~(1 -~t-5-~+~ 
which decreases as P5 increases. Thus, since P5 ~> 11, 125.4 < r < 143.6, the maximum 
occurring when P5 = 11. By (4.11) we can assume that p < (143.6)2< 20 650; but then, 
on recalculating r, we can check that (4.9) holds unless p5~<37 and, if 321(p - 1), 
p5~<13. 
Subcase (b). R = { 3, 5, 11 }. Here z = 2(793 - 165e)/(13 - 25e,) so that, since P5 ~> 13, 
122 < r < 140.9. Hence Ps ~< 23 if (4.9) fails. 
Subcase (c). R={3,5,  13}. Here 12l <z< 132, so, if (4.9) fails, ps= 17 or 19. 
Suhease (d). R={3,  5,17}. Here (by (c)) ps= 19 and (4.9) easily holds. 
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Subcase (e). R={3,7,11}.  Here z=42(163-105e) / (59-105e)<127.8,  and hence 
Ps ~< 17 if (4.9) fails. Indeed, if P5 = 17, then p -  1 >~ 15 708 >z 2. 
Thus, in the case w(p-1)=5,  we have only to check the following cases: 
p - 1 = 22.3.5.7.p5, (11 ~< P5 ~< 37); 22.32.5.7.p5 (p5 = 11 or 13); 22.3.5 . 1 l-p5 (13 ~< P5 ~< 23); 
22-3.5.13.p5 (p5=17 or 19); 22.3.7.11.13. But only seven of these cases arise from 
p prime: 
4621, 8581, 9661, 12 541, 14 821, 15 541, 16 381. (4.11) 
Case w(p-  1)=4. By (4.10) we can assume that p< 8200. Take el =2p2p3, ez=2p4, 
e'~ =e~=e'=2,  so that Lemma 4.1 reduces to 
N(p -- 1) ~> N(ex) + N(e2)-- N(2). 
1 
Put  R={p2,P3} ,  e=~4 , p4>~7. If R={3,5} then 
[-28 3 1 e 11 
6[~+~(  - ) -  _j 61-71-45e]<66.2;  
4 1 1 8 -15e  
]-~+~ (1 -e )  2 
hence (4.9) fails only if p<4390. Other possibilities always lead to p less than this 
bound. So it suffices to check all p <4390. 
Cases w(p-1)=2 or 3. Here (4.10) holds provided p>340,  1700 respectively. 
It remains therefore to find an appropriate ~o for all p<4390, and for the seven 
values given in (4.11). For p = 37, we can use Construction C with o9 = 2. For p = 61, no 
09 exists for which ~o2__o9+ 1 is a square. For the remaining p we in fact provide 
a primitive root for which Construction A is valid (see Table 1). 
Table 1 
Primitive roots top for which Construction A works 
(29, 3), (53, 3), (101, 26), (109, 13), (149, 60), (157, 24), (173, 7), (181, 21), (197, 30), (229, 28), (269, 7), (277, 17), 
(293, 7), (317, 17), (349, 46), (373, 5), (389, 3), (397, 39), (421, 18), (461, 10), (509, 7), (541, 18), (557, 11), (613, 38), 
(653, 3), (661,6), (677, 17), (701, 3), (709, 22), (733, 21), (757, 31), (773, 12), (797, 7), (821, 15), (829, 35), (853, 54), 
(877, 5), (941, 7), (997, 43), (1013, 33), (1021, 22), (1061, 15), (1069, 30), (1093, 5), (1109, 31), (1117, 14), (1181, 12), 
(1213, 5), (1229, 17), (1237, 22), (1277,28), (1301,86), (1373, 12), (1381, 10), (1429, 29), (1453,43), (1493, 11), 
(1549, 19), (1597, 37), (1613,39), (1621, 17), (1637, 17), (1669, 17), (1693, 23), (1709, 19), (1733, 3), (1741,40), 
(1789, 14), (1861, 10), (1877,43), (1901, 3), (1933, 14), (1949, 17), (1973, 26), (1997, 18), (2029, 57), (2053, 5), 
(2069, 15), (2141, 8), (2213, 3), (2221, 11), (2237, 3), (2269, 13), (2293, 85), (2309, 8), (2333, 18), (2341, 98) 
(2357, 26), (2381, 52), (2389, 10), (2437, 5), (2477, 13), (2549, 3), (2557, 15), (2621, 7), (2677, 22), (2693, 8), 
(2741, 15), (2749, 17), (2789, 10), (2797, 5), (2837, 3), (2861,26), (2909, 3), (2917, 44), (2957, 8), (3037, 17), 
(3061, 56), (3109, 18), (3181, 11), (3221, 19), (3229, 14), (3253, 23), (3301, 59), (3373, 33), (3389, 3), (3413, 18), 
(3461,26), (3469, 22), (3517, 21), (3533, 11), (3541,28), (3557, 55), (3581,41), (3613, 54), (3637, 18), (3677, 48), 
(3701, 17), (3709, 6), (3733, 13), (3797, 17), (3821, 28), (3853, 22), (3877, 58), (3917, 3), (3989, 13), (4013, 3), 
(4021, 11), (4093, 60), (4133, 12), (4157, 8), (4229, 3), (4253, 11), (4261,21), (4349, 12), (4357, 24), (4373, 20), 
(4621, 122), (8581,6), (9661,43), (12541, 51), (14821, 155), (15541, 50), (16381, 17). 
(p,~%) listed. 
1. Anderson et al. / Discrete Mathematics 138 (1995) 3l 41 41 
References 
[1] I. Anderson and N.J. Finizio, An infinite class of cyclic triplewhist ournaments, Congr. Numer. 91 
(1992) 7 18. 
[2] I. Anderson and N.J. Finizio, Cyclically resolvable designs and triplewhist tournaments, J. Combin. 
Des. 1 (1993) 347 358. 
[3] I. Anderson and N.J. Finizio, Cohen's theorem and Z-cyclic whist tournaments, Congr. Numer., to 
appear. 
[4] R.D. Baker, Factorization of graphs, Doctoral Thesis, Ohio State University (1975). 
[5] S.D. Cohen, Primitive roots and powers among values of polynomials over finite fields, Journal fur die 
reine und angewandte Mathematik (Crelle's Journal) 350 (1984) 137 151. 
[6] S.D. Cohen, Primitive elements and polynomials: existence results, in: G.L. Mullin and P.J.-S. Shiue, 
eds., Finite fields, coding theory, and advances in communications and computing (Marcel Dekker, 
New York, 1993) 43-55. 
[7] N.J. Finizio, Orbits of cyclic Wh(v) of Z,~-type. Congr. Numer. 82 (1991) 15 28. 
[8] N.J. Finizio, Z-cyclic triplewhist tournaments when the number of players involves primes of the form 
8u + 5, J. Combin. Des., to appear. 
[9] D. Jungnickel, Finite fields; Structure and Arithmetics (B.I. Wissenschaftverlag, Mannheim 1993). 
[10] R. Lidl and H. Niederreiter, Finite fields, Encyclopaedia of Mathematics, Vol. 20 (Cambridge 
University Press, Cambridge, 1983). 
